Decodin quantun?&prmation

and
complementarity principle

shifumi Nakata
(YLITPKyoto University)

T. Matsuura (RIMT, Australia), and M. Koashi«{The University of Tokyo)
@00

arXiv:2210.06661

February 22, 2024 @Quantum TUT workshop



®» Introduction

Decoding QECCs

Summary of the results

Decoding general QECCs

Decoding circuits for general QECCs

From CSS codes to general QECCs

Conclusion




®» Introduction

Decoding QECCs




' Introduction

‘ ‘ Decoding QECCs
Quantum Error Correction (QEC)

[0 QECis a method to effectively cancel quantum noise by encoding and

» Explicitly constructing a is important but non-trivial.

[0 Decoding stabilizer codes is, in principle, straightforward.

» Syndrome measurement =2 classically decode Z- and X-errors.

Decoding the toric code

How can we decode non-stabilizer codes?
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' Introduction

‘ ‘ Decoding QECCs
< Why non-sta bilizer Codes? How can we decode non-stabilizer codes?

1. In general, non-stabilizer codes achieve higher encoding rates than stabilizer codes.

» E.g., the encoding rate of the toric code 2 0 asn — 0.

2. Intheoretical physics, people are interested in QEC, quantum chaos, and quantum gravity.

» Non-stabilizer codes are important.

k il Encoding rate: r = k/n

glogical qubitsé
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' Introduction

‘ ‘ Decoding QECCs
( What is known about decoding non-stabilizer codes?

[Barnum & Knill, IMP, 2002]

[ Use the Petz recovery map. [Beigi, Datta, and Leditzky, JMP2016]

» Q. algorithm for Petz is known [Gilyen et al, PRL, 2022], but it is inefficient and not easy to break down.

0 An alternative approach to decoding non-stabilizer codes?

Results today

1. Decoding methods of stabilizer codes can be extended to general QECCs (in a certain sense).

2. Inthe extension, the complementarity principle comes into play.
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2 Summary of the results

Decoding general QECCs




' Decoding & complementarity

‘ Decoding general QECCs

M . For stabilizer codes, we infer the Z- and X-error
ain result from the syndrome measurements.
0 Goal: to construct a for general encodings and noisy channels.

» Ourideais to combine two decoding POVMs for two types of classical info.

Decoding POVM for
— & =N = D — the E-basis classical info. Given
POVM Mg
A decoder for — RN '.
quantum information Decoding classical info?

Decoding info? Decoding POVM fog
the F-basis classical iifo.‘




' Decoding & complementarity

‘ ‘ Decoding general QECCs
Decoding classical and quantum information 1

[0 Decoding classical information (=decoding a CQ channel) by a POVM

i Ap=2"F%"_, Tr|Mg,o;
Decoding error: AE > iz; Tr[Mp ;05
in the E-basis el | | n qubits POVM Mg S o
k bits j > |]>E Given \ Given \ 0 (7& i€ (1 .. 2k uccee |.n_e_co ing

\ Encoder Noise / J { ) iffi = j
/ \ Succeed in decoding
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e k qubits
Classical info k
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' Decoding & complementarity

‘ ‘ Decoding general QECCs
Decoding classical and quantum information 2

[0 Decoding classical information (=decoding a CQ channel) by a POVM

AE — Q—k 22753 Ir [ME,in] AF — 2—k’ Zﬁ#a Tr [MF,,BO-O(]

POVM M, POVM Mg

[0 Decoding quantum information by a quantum channel

) Decoding error of quantum information
‘(I)> Encoder Noise >\Ij by the decoder D
k ebits Ao = %H\p _ (I)><(I)‘H1




' Decoding & complementarity

‘ ‘ Decoding general QECCs

Main result

Theorem

Given an encoder £ and a noisy map IV, let M and M be POVMs that decode classical info in the E- and F-basis
with error Ag and A, resp. From these POVMs, a decoding circuit for quantum info can be explicitly constructed,
whose decoding error A, satisfies

Aq < VAE(2—Ag)+VAp +VE(E, F),
where Z(E, F) quantifies how mutually-unbiased the bases E and F are.

svenb POVM Mg GEiVj“d\ POVM Mg GEiVﬁ‘d\
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E-basis classical info. F-basis classical info. quantum info. o ‘



' ‘ Decoding & complementarity

‘ Decoding general QECCs

( Maln result

Theorem

Z(E, F) quantifies how mutually-unbiased the bases E and F are.

leen POVM ME leen POVM MF Given e | Decoder
Encoder Noise Encoder Noise Encoder Noise
L) X <o) s D -

Error A for decoding Error A for decoding Error 4, for decoding

E-basis classical info. F-basis classical info. quantum info. ‘ ‘



' Decoding & complementarity

‘ ‘ Decoding general QECCs
Mutually-unbiased bases and Z(E, F)

O A pair of two (orthonormal) bases (E, F) is called mutually-unbiased bases (MUB) iff
(ar|je)| =1/V2k foralla,j € (1,..,2"}.

» One of the common characterization of "complementarity” of two bases.

O To define the quantity Z(E, F)...
> Letp, be a probability distribution p, = {pg(j) = | (aple)lz}?il.
» Classical infidelity: F('pa,pﬁ) = = Z?il\/pa(j)pﬁ(j).

A simplified definition (see the paper).

=(E,F) = MaXqyc(1,... 25} F(unif, p,), where unifis the uniform dist. over {1, ..., 2¥1.

> E(E,F) =0iff (E,F)isMUB&E(E,F) = 1iffE = F. > Z(E, F) quantifies the degree ofML&




' Decoding & complementarity
‘ ‘ Decoding general QECCs

M ain result From the two POVMs that decodes complementary classical info,

we can explicitly construct a for quantum info.

Theorem

Given an encoder £ and a noisy map IV, let M and M be POVMs that decode classical info in the E- and F-basis
with error Ag and A, resp. From these POVMs, a decoding circuit for quantum info can be explicitly constructed,
whose decoding error A, satisfies

Aq < VAE(2—Ag)+VAp +VE(E, F),
where Z(E, F) quantifies how mutually-unbiased the bases E and F are.

svenb POVM Mg GEiVj“d\ POVM Mg GEiVﬁ‘d\
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E-basis classical info. F-basis classical info. quantum info. o ‘



' Decoding & complementarity

‘ ‘ Decoding general QECCs

|mp|ications of our result

O Natural that complementarity comes into play in

» N. Bohr: “to characterize a quantum system, we need complementary information, such as position and momentum”.
» QOur result shows the significance of the complementary feature in QEC.

O Our final goal: to construct a for general QECCs

» Our result makes a good step: it breaks down a quantum decoder to POVMs for classical info.

Svenl POVM Mg Svenk POVM Mp sven

Encoder Noise
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' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs

( Extendlng the decoder of CSS codes to general QECCs 1

Our idea
To extend the decoder of CSS codes to general QECCs

[0 CSS codes are stabilizer codes made of two classical linear codes C; and C,.
> (,/C, defines the logical-Z basis, and C5/Ci the logical-X basis.

)2 XY pee, 1T H W |la)x <2 cor la+v)

CSS codes.

1. Syndrome measurements = error syndromes € {+1}"*7%.
2. Decode the Z info by the decoder f; of C; /C, and the X info by f, of C5-/Ci-.

» Doesn’t seem to be extendable to non-stabilizer codes...., but possible!




' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs

( Extending the decoder of CSS codes to general QECCs 2

Measure &
Feedback

for a CSS code.

Encoder Noise Controlization

n qubits

Controlled unitary /\
. . 2’]’1,

in the Z basis -
Z’j>< ‘Z®Uf1

k qubits

/\

a: n bits

Pauli X basis { |a) x }

B = f;(a): k bits

f1: classical decoder for C; /C,with error A, U 5 3
f>: classical decoder for C5 /Ci with error Ay / | f1 (])H A - ® 4 k| ~ ‘w>

(both are functions from n to k bits) 7\
Ufl(J)‘O ’fl(]

k ancillary qubits Ag = \/AZ + Ay ‘




' ‘ Decoding circuits for general QECCs

‘ ‘ Decoding general QECCs

( Extending the decoder of CSS codes to general QECCs 2

[0 Decoding circuit for a CSS code.
POVM M, POVM M.

Error A for decoding Error A for decoding
E-basis classical info. F-basis classical info.

Specific to CSS codes

f1: classical decoder for C; /C,with error A,
f>: classical decoder for C5 /Ci with error Ay

(both are functions from n to k bits)




' ‘ Decoding circuits for general QECCs

‘ ‘ Decoding general QECCs

( Extending the decoder of CSS codes to general QECCs 3

Measure &
Feedback

[0 Decoding circuit for an general QECC.

Controlization

) L qubits (7\ £ N povm u
L|Vénv d
Stinespring /_\ ok I b E
dilation of the P.oU IS
POVM M E P ®U; -
. o

Error Ay for decoding Error Ay for decoding k anciIIary quitS @a — ZJ 6iarg<j|oz) |,]> <]|E’

E -basis classical info. F-basis classical info.
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' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs

H ) Decoding error of quantum information
|(I)> T N >\Ij by the decoder D

- . ebits — 1 _

( Decoding error analysisa "\ g HN D~ - B = ¥ = el

I

‘(I)> Encoder Noise
k ebits k qubits n qubits 7\

A O TTT

Stinespring /\ ok I b

dilation of the P& U. E

POVM M, Z j QU

j=1
Rk
) ] O f——

POVM M, POVM M.

Error A for decoding Error A for decoding If AE — O,
E -basis classical info. F-basis classical info. .
noisy GHZ state.




' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs

< Decoding error analysis 1 Goal: to transform a noisy GHZ to MES!

Encoder Noise
k qubits n qubits

POVM M.




' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs

VEERI R

( Decoding error analysis 2 GHZ state — [INONININORN—> MES

[0 A GHZ state can be transformed to the MES by measurement and feedback.

Outcome=+1
‘OO)Z -+ ‘11)2
1000) 7z + |111)
Measure in the X-basis 00)z — [11)z ——>|00) 7 + [11) 7
OutcomU
Feedback (apply the Pauli-Z)
If the two bases are NOT MUB, this transformation is approximate. O ‘




' Decodlng circuits for general QECCs

‘ ‘ Decoding general QECCs
( Decoding error analysis: end

[0 Decoding error = (State is approx. a noisy GHZ) + (Error on transforming the noisy GHZ - MES)

Ag < VAER2 - Agp) +VAr +Z(E, F)

Approximate the noisy  Error on transforming
state by a noisy GHZ the noisy GHZ to MES

|(I)>< Encoder Noise |GHZ)E
k ebits k qubits (C; | N n qubits . _((_7\)1/—\ POVM M, n qubits m POVM My
Vg | Vi ~ ——=(%) ~ ‘ (I)>
Stinespring /\ k a4 a4
dilation of the 2 ke bits k bits k i
P oU, ebits
POVM Mj Z j j

Rk | |
POVM M, POVM M, |0) S 0 ‘
«
O (1) . o
Error A for decoding Error A for decoding
E-basis classical info. F-basis classical info. .




“ Decoding circuits for general QECCs
Decoding general QECCs

( Decoding circuits —similarity and difference-

L] Decoding circuits for CSS codes and non-stabilizer codes

» In both cases, controlize one measurement, and use the other for measurement & feedback.

» Decodingerroris Ay = JAz + Ay for CSS, and Ag < JAE(2 — Ag) + /Ag for non-stabilizer (when (E, F) is MUB).
» Thisis due to the back-action of the measurement. No back-action in CSS, but it exists in general.

Decoding circuit for CSS codes Decoding circuit for general QECCs

Decoder Measure & Decoder Measure &
Encoder Noise Controlization |E—_——— Feedback Encoder Noise Controlization |- | Feedback
k qubits - n qubits k qubits n qubits
) EHN — ® L l/_:\PauIiXbasiSﬂOf)X}a Iy E RN v yinv (7 ’/\ POVM M,
5 : E
Controlled unitar /\ B S E - :
unitary : S : :
nhezbois & A anesprre T N 2
;m(m@ no B = fo(a): k bits POVM M ZPj ® Uj
fi: classical decoder for C; /C,with error A, ®k 0 Rk - || ~
f>: classical decoder for C4/Ci- with error Ay : 10)*— Ufl (7)) AR RN WA : ~ ‘w> e ey : ) I_I @Oé o
(both are functions from n to k bits) S PRI LTI A () C— 7\ T — K ------------------- A aye— Z -
k ancillary quitS AQ = “/AZ + AX E‘rrgrégﬁorQeclo.dipg irrg)r{lpflorc!eclqdi:g k anci”ary quitS @a — ZJ ezarg(Jla) |J> (JlE Q= e(2—Ag)+ F+E(EF),




Conclusion
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Encoder Noise '- Feedback

k qubits IS N n qubits 4@/\ oM
‘ | | VE Vé’:nv F
Stinespring /\ " k bi
dilation of the Its
Y P®

POVM Mg i ® Ui

and complementarity principle /’m@k | 7

k ancillary qubits Zj etarglila) 1) (lEe

Theorem

Given encoder £ and a noisy map NV, let M and M be POVMs that decode classical info in the E- and F-basis
with error Ag and A, resp. From these POVMs, a decoder D for quantum info can be explicitly constructed,
whose decoding error A, satisfies

Aq < VAE(2-Ag)+ VAr+E(E,F),
where Z(E, F) quantifies how mutually-unbiased the bases E and F are (2(E, F) = 0 &(E,F) is MUB).

[0 From the two POVMs that decodes classical info defined in the MUB, we can explicitly

construct a for quantum info.

» Complementarity (in the sense of MUB) is important in decoding quantum information.
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k qubits IS N n qubits @m oM
‘ | | VE Vé’:nv F
Stinespring /\ " k bi
dilation of the Its
Y P®

i ® Uj

POVM M

and complementarity principle ﬁm@k | 7

k ancillary qubits Zj etarglila) 1) (lEe

Aq < VAR(2—-Ag)++Ar +E(E,F),

1. How can we find good POVMs for classical info?

» Ourresultis just to convert POVMs to a quantum decoder.
» A PGM should work, but it's explicit construction by quantum circuits is not straightforward.

—> Our recent result: a decoder can be explicitly constructed from scratch (TBA).

2. The bound is probably NOT tight.

» We provided one construction of a decoder D. A better construction may exist.
» In certain cases, A, = 0 when Ag, Ap = O eveniif (E,F) is NOT MUB.

—> MUBness should appear in the bound in a different form. ’ ‘
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