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A Cellular automaton is a lattice of 
systems with some local update rule 
(we have a “lightcone”)

Several applications:

simulation

computation

Cellular automata

topological phases of matter



Outline

Quantum Cellular Automata (QCAs): 
definition and examples

Classification of QCAs

classifying the rules

index theory: when a QCA is a circuit

Coarse graining of QCAs

1)

2)

3)

-

-
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Lattice of cells,  x 2 Zs
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QCA: formal definition
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QCA: examples
Finite lattice, finite dimensional 
systems at each site 
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↵(O) = U(O ⌦ I)U †
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for some unitary matrix U
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U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

t

t+1
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QCA: examples
The QCA may give an update rule which depends on the site

In this case, we say that the  
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↵|0(�x) = �z ⌦ �x ⌦ �z
<latexit sha1_base64="UwuUOlT9MQPcuitBVQYaE2scB0M="></latexit>

-2 -1 0 21 43 65
I

<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit> I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

�x
<latexit sha1_base64="f5DV5uPlxQQDDcUXOo78OZgLG8w="></latexit>

�x
<latexit sha1_base64="f5DV5uPlxQQDDcUXOo78OZgLG8w="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit> I

<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

I
<latexit sha1_base64="V5p3ae21/RJCip9VzCbje4illoQ="></latexit>

�x
<latexit sha1_base64="f5DV5uPlxQQDDcUXOo78OZgLG8w="></latexit>

�x
<latexit sha1_base64="f5DV5uPlxQQDDcUXOo78OZgLG8w="></latexit>

�z
<latexit sha1_base64="XlI9HGfM8IejgHw7EV2bpOrnRBE="></latexit>

�z
<latexit sha1_base64="XlI9HGfM8IejgHw7EV2bpOrnRBE="></latexit>

�y
<latexit sha1_base64="LGX8jl24bY2ITLK6Nku46UgLFnw="></latexit>

�y
<latexit sha1_base64="LGX8jl24bY2ITLK6Nku46UgLFnw="></latexit>

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>

If the QCA acts in the same way everywhere on the lattice, we say that 
the QCA is translation invariant 

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit> . . .

<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>“the” local rule

↵|x = ↵|0
<latexit sha1_base64="9vzmXlDBjg/EFuukx68INr1Mkqc="></latexit>

8x
<latexit sha1_base64="KyQtPxyDt0ofT/VDPfJV/gXw/gk="></latexit>



If the QCA acts in the same way everywhere on the lattice, we say that 
the QCA is translation invariant 

QCA: examples

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit> . . .

<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>

“the” local rule

↵|x = ↵|0
<latexit sha1_base64="9vzmXlDBjg/EFuukx68INr1Mkqc="></latexit>

8x
<latexit sha1_base64="KyQtPxyDt0ofT/VDPfJV/gXw/gk="></latexit>

A0
<latexit sha1_base64="RZ5UJr3DrFrkKJjO1QN4af7/7FQ="></latexit>

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

↵(A0)
<latexit sha1_base64="2u/5vR4jI/XDqybF6C43JNGWJRc="></latexit>

neighborhood scheme



If the QCA acts in the same way everywhere on the lattice, we say that 
the QCA is translation invariant 

QCA: examples

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit> . . .

<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>

“the” local rule

↵|x = ↵|0
<latexit sha1_base64="9vzmXlDBjg/EFuukx68INr1Mkqc="></latexit>

8x
<latexit sha1_base64="KyQtPxyDt0ofT/VDPfJV/gXw/gk="></latexit>

A0
<latexit sha1_base64="RZ5UJr3DrFrkKJjO1QN4af7/7FQ="></latexit>

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

Moore neighborhood

↵(A0)
<latexit sha1_base64="2u/5vR4jI/XDqybF6C43JNGWJRc="></latexit>



If the QCA acts in the same way everywhere on the lattice, we say that 
the QCA is translation invariant 

QCA: examples

. . .
<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit> . . .

<latexit sha1_base64="sT4Ds5YANUFJUKFOqisCMXaVQeU="></latexit>

“the” local rule

↵|x = ↵|0
<latexit sha1_base64="9vzmXlDBjg/EFuukx68INr1Mkqc="></latexit>

8x
<latexit sha1_base64="KyQtPxyDt0ofT/VDPfJV/gXw/gk="></latexit>

A0
<latexit sha1_base64="RZ5UJr3DrFrkKJjO1QN4af7/7FQ="></latexit>

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

von Neumann 
neighborhood

↵(A0)
<latexit sha1_base64="2u/5vR4jI/XDqybF6C43JNGWJRc="></latexit>



Classification of QCA
How many QCAs are there?



Classification of QCA
How many QCAs are there?

assuming: Translation invariance
qubit cells
von Neumann neighborhood

Ax = L(C2)
<latexit sha1_base64="FEhRo/JG3DwtM06H9gRuPOQ4818="></latexit>



Classification of QCA
How many QCAs are there?

assuming: Translation invariance
qubit cells
von Neumann neighborhood

Ax = L(C2)
<latexit sha1_base64="FEhRo/JG3DwtM06H9gRuPOQ4818="></latexit>

1 dimensional qubit QCA

B. Schumacher, R.F. Werner  
e-print arXiv:0405174.

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

arbitrary  
unitary gate

c-phase 
gate

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>



Classification of QCA

shiftlocal unitary gatec-phase gates

AB, A. Pizzamiglio, P. Perinotti 
in preparation

N dimensional qubit QCA

2 dimensional qubit QCA

(as in the 2D case) 

von Neumann 
neighborhood in 2D

von Neumann 
neighborhood in 3D



Classification of QCA: index theory

When a QCA is quantum circuit?



Classification of QCA: index theory

When a QCA is quantum circuit?

1 dimensional QCA

D. Gross, V. Nesme, H. Vogts, R.F. Werner 
CMP 310, 419 (2012)

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

i(↵) = 0
<latexit sha1_base64="3IVFo0HUEp7iO7fxLW70CgxfaS4="></latexit>

i(↵) > 0
<latexit sha1_base64="4X1YW9V3qzUxbCMhOUm/1QJuJqM="></latexit>

i(↵) < 0
<latexit sha1_base64="y6sQyfEWV9be1hr7LVyUdZXVU90="></latexit>

}
<latexit sha1_base64="3h9hhc1kN4BFlPXdvre830F1VEY="></latexit>

Not a circuit

is a circuit↵
<latexit sha1_base64="kWSFCk+niusZ9q83a7IL3mDPPzo="></latexit>



Classification of QCA: index theory

When a QCA is quantum circuit?

1 dimensional QCA

D. Gross, V. Nesme, H. Vogts, R.F. Werner 
CMP 310, 419 (2012)

↵
<latexit sha1_base64="F6KxwKDR5EoVI7QaaylSgUCzt1M="></latexit>

i(↵) = 0
<latexit sha1_base64="3IVFo0HUEp7iO7fxLW70CgxfaS4="></latexit>

i(↵) > 0
<latexit sha1_base64="4X1YW9V3qzUxbCMhOUm/1QJuJqM="></latexit>

i(↵) < 0
<latexit sha1_base64="y6sQyfEWV9be1hr7LVyUdZXVU90="></latexit>

}
<latexit sha1_base64="3h9hhc1kN4BFlPXdvre830F1VEY="></latexit>

Not a circuit

is a circuit

2 dimensional QCA (translation invariant)

↵
<latexit sha1_base64="kWSFCk+niusZ9q83a7IL3mDPPzo="></latexit>

M. Freedman, M. Hastings 
CMP 376, 11071 (2020)

AB, P. Perinotti, A. Pizzamiglio 
in preparation

is a circuit↵
<latexit sha1_base64="kWSFCk+niusZ9q83a7IL3mDPPzo="></latexit>

i!
<latexit sha1_base64="Avd8caUZm4ETxK7naFUWHKp4+nc="></latexit>

i"
<latexit sha1_base64="XLNkPco/8SjxklIITaBZTfGqiWY="></latexit>

() <latexit sha1_base64="YSBoN7dYNLWUJlcnCCrkYvvGZs4="></latexit>

i!(↵) = i#(↵) = 0
<latexit sha1_base64="+2ZyOcIOMBsvErrN4214/frcZrY="></latexit>



Coarse graining of CA

7!
<latexit sha1_base64="lTFCCu9MecVmIASFFkj6EGng2bU="></latexit>

7!
<latexit sha1_base64="lTFCCu9MecVmIASFFkj6EGng2bU="></latexit>

7!
<latexit sha1_base64="lTFCCu9MecVmIASFFkj6EGng2bU="></latexit>

7!
<latexit sha1_base64="lTFCCu9MecVmIASFFkj6EGng2bU="></latexit>

P :
<latexit sha1_base64="DfQ1Ya68iZOMYfj+Hp34l6n9clU="></latexit>

N cells 1 cell

T steps 1 step

N. Israeli, N. Goldenfeld PRE 73, 026203 (2006)

P � fT
A = fB � P

<latexit sha1_base64="/uDdj4Ss2Xk5PSFs0CXUMGKUBes="></latexit>

update rule

B is a coarse graining of A



Coarse graining of translation invariant QCA 

AB, P. Perinotti, L, Trezzini, in preparation

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="> bf7u692B8/OfC38Cj4MvgqeBjEwePgSfAsOA5OgzSA4Lfg9+CPrb9GW6O7o+216+1bPubzoDdGX/wN5/vzuQ==</latexit> ⇧
<latexit sha1_base64="+m03zxmmcPawdcOn0OoeZweE0/s="></latexit>=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

T
<latexit sha1_base64="nerod9M8mufsYnmC/0b750MG+t8="></latexit>↵

<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit> �<latexit sha1_base64="YSOvPowZMiQJ9fcFOSQ2jFkOKHY="></latexit> R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit> �

<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit> �<latexit sha1_base64="YSOvPowZMiQJ9fcFOSQ2jFkOKHY="></latexit>R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

is a coarse graining of ↵
<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit>

�
<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>

A
<latexit sha1_base64="fwmOHtZNwVvpma1qIW/bfg0TI0o="></latexit>

B
<latexit sha1_base64="tZ4J5Rpj6ouYIQVKOZB2UGmRwvs="></latexit>

T
<latexit sha1_base64="nerod9M8mufsYnmC/0b750MG+t8="></latexit>↵

<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit>

�
<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

A
<latexit sha1_base64="fwmOHtZNwVvpma1qIW/bfg0TI0o="></latexit>

B
<latexit sha1_base64="tZ4J5Rpj6ouYIQVKOZB2UGmRwvs="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

is an isometric  
homomorphism

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

. . .
<latexit sha1_base64="ywokqBROmN4n+7m8ryM3HVJugwc="></latexit>

. . .
<latexit sha1_base64="ywokqBROmN4n+7m8ryM3HVJugwc="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

local projector

B
<latexit sha1_base64="tZ4J5Rpj6ouYIQVKOZB2UGmRwvs="></latexit>

A
<latexit sha1_base64="fwmOHtZNwVvpma1qIW/bfg0TI0o="></latexit>



When does a QCA      admit a coarse graining     ?

Coarse graining of QCA
↵

<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit> �
<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>



When does a QCA      admit a coarse graining     ?

Coarse graining of QCA

AB, P. Perinotti, L, Trezzini, in preparation

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="> bf7u692B8/OfC38Cj4MvgqeBjEwePgSfAsOA5OgzSA4Lfg9+CPrb9GW6O7o+216+1bPubzoDdGX/wN5/vzuQ==</latexit> ⇧
<latexit sha1_base64="+m03zxmmcPawdcOn0OoeZweE0/s="></latexit>=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

↵
<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

. . .
<latexit sha1_base64="ywokqBROmN4n+7m8ryM3HVJugwc="></latexit>

. . .
<latexit sha1_base64="ywokqBROmN4n+7m8ryM3HVJugwc="></latexit>

�
<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>

A
<latexit sha1_base64="fwmOHtZNwVvpma1qIW/bfg0TI0o="></latexit>

B
<latexit sha1_base64="tZ4J5Rpj6ouYIQVKOZB2UGmRwvs="></latexit>

T
<latexit sha1_base64="nerod9M8mufsYnmC/0b750MG+t8="></latexit>↵

<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit>

�
<latexit sha1_base64="cvCY2DSbBGgNzPT7uAKOT0rYFBU="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

R
<latexit sha1_base64="gPt9vYHlBI0e+Y5icTGC/YF6zQc="></latexit>

A
<latexit sha1_base64="fwmOHtZNwVvpma1qIW/bfg0TI0o="></latexit>

B
<latexit sha1_base64="tZ4J5Rpj6ouYIQVKOZB2UGmRwvs="></latexit> ()

<latexit sha1_base64="qVRTP29yJxMrg1uk9GzI2h2+Rfs="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>

⇧W :=
O

i2W

⇧i

<latexit sha1_base64="916d7aasy2rmX3fEZAGev3zExGo="></latexit>

↵
<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit> W

<latexit sha1_base64="3vyJPGOijt7s5+w2aYZH3/Ay08M="></latexit> QCA on an arbitrary 
finite lattice

T
<latexit sha1_base64="nerod9M8mufsYnmC/0b750MG+t8="></latexit>↵

<latexit sha1_base64="jFdtNEXZ3Mv9JpIGVDaNhgtekgU="></latexit> W
<latexit sha1_base64="3vyJPGOijt7s5+w2aYZH3/Ay08M="></latexit>

⇧W
<latexit sha1_base64="lxp1Cpm/pI4thjp8KPlVDi7544M="></latexit>

(
<latexit sha1_base64="b8W2WG1A57xc7pj2JEVT70bepYE="></latexit>

)
<latexit sha1_base64="u4OfT+w45x3rfXVwWg4lw0aKps8="></latexit>

=<latexit sha1_base64="xV1lh9Ps5PlJQhEDwBgvsHog7Mc="></latexit>⇧W
<latexit sha1_base64="lxp1Cpm/pI4thjp8KPlVDi7544M="></latexit>



Coarse graining of qubit 1D QCA (2 steps, 2 cells)

AB, P. Perinotti, L, Trezzini, in preparation

The qubit 1D QCA 
are classified 

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

'
<latexit sha1_base64="40sPMsHRvBs+ISuMsE47HqtNJgQ="></latexit>

U
<latexit sha1_base64="SCDJ+DMqgL86V6z7yx088B9n1ks="></latexit>
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Coarse graining of qubit 1D QCA (2 steps, 2 cells)

AB, P. Perinotti, L, Trezzini, in preparation

The qubit 1D QCA 
are classified 

the index cannot change  
the only 1D qubit QCA that admit a 2 cells  
coarse graining are “trivial” (no propagation of information)
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Which local rules give rise to a QCA?

Qubit QCAs with von Neumann nieghborhood, are all 
made up of layers of C-phase, local unitaries and shifts.

Can you tell whether a QCA is a circuit or not?

Yes for dimension 1 (general) and 2 (translation invariance): a QCA is a 
circuit if and only if the index is zero. In higher dimensions we don’t know. 

What does it mean that α is a coarse graining of β?

It means that the evolution of a subset of the degrees  
of freedom of α is described by β. 
For 1D qubit QCA, the only QCA which admit a coarse graining are 
those which do not propagate information. 









Summary
QCA are the most general reversible and  local discrete time evolutions 
of a lattice of quantum systems. A (possibly infinite) quantum circuit is a 
QCA but that is not always the case.

We addressed two classification problem:  
1) Which local rules give rise to translation invariant QCAs?  

The problem is solved for qubit QCA with von Neumann neighborhood. 
These QCAs are all madeup of shifts, C-phase gates and local unitaries 

2) Which QCA are quantum circuits and which ones are not? 
The index theory (flow of information) solves the problem in 
dimension 1 (general case) and 2 (translation invariant case). A QCA is 
circuit iff its index is zero

If the evolution of a subset of the degrees of freedom of QCA     is described 
by a QCA    , we say that     is a coarse graining of    . 
Not all QCA admit a coarse graining. For qubit QCA in one 
dimension, the only QCA which admits a coarse graining are the ones which 
do not propagate information

↵
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Summary

It the most general reversible and local discrete time 
evolutions of a lattice of quantum systems.

Which local rules give rise to a QCA?

What is a QCA?



QCA: formal definition

Heisemberg picture: quantum 
system <—> algebra of observables

Local observables
Quasi local algebra:

a QCA is local automorphism of A
automorphism (one to one map) 
such that

Local, i.e.

example: circuit and shift

Se fosse finito dimensionale, vorrebbe dire coniugare 
con una unitaria, ma con queste algbere infinite con



Classification of the update rule

The update rule may vary form site 
to site

if th rule is the same, the QCA is 
translationally invariant

Which rule give rise to a QCA?
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scheme arbitrary dimension
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The update rule may vary form site 
to site

if th rule is the same, the QCA is 
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QCA vs quantum circuits
Classificare le regole è presto infattibile. c’è un altro problema di 
classificazione che sulla carta piu abbordabile come facciamo a 
sapere se un automa e’ un circuito? COme e’ realizzabile come 
circuito

I circuiti sono un sottogruppo 
normale

Ha senso parlare del quoziente classi 
di equivalenza modulo circuiti

COme e’ fatto questo gruppo?

Gli automi sono un gruppo
Qualunque automa con ancilla infite 
è un circuito quantistico



Coarse graining in classical CA

Il coarse graining studiato da Israeli 
e goldenfeld disegni 

Come si fa nel caso quantistico Come si fa nel caso quantistico 

Complexity classification of CA 



Coarse graining in QCA

Come lo definiamzo noi 

Risultati

disegni





The index of a QCA

In 1 D c’e un flusso indice che ci 
dice questa cosa Q = Z

In dimensione pi`¨alta è tutto più 
complesso

Problema affine studiato da 
Hastings e Friedman in 2D. Noi 
risuciamo a dimostrarlo per il caso 
che ci interessa TI infinito



Summary

I have a quantum system which evolves with the 
Hamiltonian

Can I simulate a scattering experiment 
with a discrete time quantum simulator? 

H = H0 + V
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Summary

I have a quantum system which evolves with the 
Hamiltonian                       .

Can I simulate a scattering experiment 
with a discrete time quantum simulator? 

What is error of the simulation?

H = H0 + V
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Linear in the time step

and quadratic in    .    V
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A Cellular automaton is a lattice of 
systems with some local update rule 
(we have a “lightcone”)

Several application:

simulation

computation

Cellular automata

topological phases of matter


